For some extremal (optimal) odd unimodular lattices L in dimensions n = 12, 16, 20, 32, 36, 40 and 44, we determine all positive integers k such that L contains a k-frame. This result yields the existence of an extremal Type I Z k -code of lengths 12, 16, 20, 32, 36, 40 and 44 and a near-extremal Type I Z k -code of length 28 for positive integers k with only a few exceptions.
Introduction
Self-dual codes and unimodular lattices are studied from several viewpoints (see [12] for an extensive bibliography). Many relationships between self-dual codes and unimodular lattices are known and there are similar situations between two subjects. As a typical example, it is known that a unimodular lattice L contains a k-frame if and only if there exists a self-dual Z k -code C such that L is isomorphic to the lattice obtained from C by Construction A, where Z k is the ring of integers modulo k.
As described in [37] , self-dual codes are an important class of linear codes for both theoretical and practical reasons. It is a fundamental problem to classify self-dual codes of modest lengths and determine the largest minimum weight among self-dual codes of that length. Type II Z 2k -codes were defined in [2] as a class of self-dual codes, which are related to even unimodular lattices. For binary Type II codes, much work has been done concerning the above fundamental problem (see e.g. [3, 9, 12, 37] ). For general k, if C is a Type II Z 2k -code of length n ≤ 136 then we have the bound on the minimum Euclidean weight d E (C) of C as follows: d E (C) ≤ 4k n 24 + 4k for every positive integer k (see [20] ). We say that a Type II Z 2k -code meeting the bound with equality is extremal for length n ≤ 136. It was shown in [7, 14] that the Leech lattice, which is one of the most remarkable lattices, contains a 2k-frame for every positive integer k ≥ 2. This result yields the existence of an extremal Type II Z 2k -code of length 24 for every positive integer k. Recently, the existence of an extremal Type II Z 2k -code of length n = 32, 40, 48, 56, 64 has been established by the authors [20] for every positive integer k. This was done by finding a 2k-frame in some extremal even unimodular lattices in these dimensions n.
Recently, it was shown in [29] that the odd Leech lattice contains a kframe for every positive integer k with k ≥ 3. This motivates our investigation of the existence of a k-frame in extremal odd unimodular lattices. In this paper, for some extremal (optimal) odd unimodular lattices L in dimensions n = 12, 16, 20, 32, 36, 40 and 44, we determine all integers k such that L contains a k-frame. This result yields the existence of an extremal Type I Z k -code of lengths 12, 16, 20, 32, 36, 40 and 44 and a near-extremal Type I Z k -code of length 28 for positive integers k with only a few small exceptions. This paper is organized as follows. In Section 2, we give definitions and some basic properties of self-dual codes and unimodular lattices used in this paper. The notion of extremal Type I Z k -codes of length n is given for n ≤ 48 and k ≥ 2. Lemma 2.1 gives a reason why we consider unimodular lattices in only dimension n ≡ 0 (mod 4). In Section 3, using the theory of modular forms (see [30] for details), we derive some number theoretical results (Theorem 3.2), which are used in Section 4. In Section 4, we provide a method for constructing m-frames in unimodular lattices, which are constructed from some self-dual Z k -codes by Construction A (Proposition 4.1). This method is a generalization of Propositions 3.3 and 3.6 in [20] . Using Theorem 3.2 and Proposition 4.1, we give k-frames in the unique extremal odd unimodular lattice in dimensions n = 12, 16 and some extremal (op-timal) odd unimodular lattices L in dimensions n = 20, 32, 36, 40 and 44, which are listed in Table 8 , for all positive integers k satisfying the condition (⋆) in Table 8 (Lemma 4.3). In Section 5, some extremal (near-extremal) Type I Z k -codes are constructed for some integers k. Then we establish the existence of a k-frame in the extremal (optimal) unimodular lattices L in dimension n = 12, 16, 20, 28, 32, 36 , which are listed in Table 8 As a consequence, we show that the 32-dimensional Barnes-Wall lattice BW 32 contains a 2k-frame for every positive integer k with k ≥ 2. We also discuss the positivity of coefficients of the theta series of some extremal (optimal) unimodular lattices in dimension n ≤ 36. When n = 40, 44, it is shown that there is an extremal odd unimodular lattice in dimension n containing a kframe for every positive integer k with k ≥ 4. As a consequence, the existence of an extremal Type I Z k -code of lengths n = 12, 16, 20, 32, 36, 40, 44 and a near-extremal Type I Z k -code of length n = 28 is established for a positive integer k, where k = 1, 3 if n = 32 and k = 1 otherwise. Finally, in Section 6, we investigate the existence of a k-frame in optimal odd unimodular lattices in dimension 48.
All computer calculations in this paper were done by Magma [4] .
Preliminaries
In this section, we give definitions and some basic properties of self-dual codes and unimodular lattices used in this paper.
Self-dual codes
Let Z k be the ring of integers modulo k, where k is a positive integer. In this paper, we always assume that k ≥ 2 and we take the set Z k to be
A Z 2 -code and a Z 3 -code are called binary and ternary, respectively. The Euclidean weight of a codeword x = (x 1 , . . . , x n ) of C is ⌊k/2⌋ α=1 n α (x)α 2 , where n α (x) denotes the number of components i with x i ≡ ±α (mod k) (α = 1, 2, . . . , ⌊k/2⌋). It is trivial that the Euclidean weight is the same as the (usual) Hamming weight for the case k = 2, 3. The minimum Euclidean weight d E (C) of C is the smallest Euclidean weight among all nonzero codewords of C.
A Z k -code C is self-dual if C = C ⊥ , where the dual code C ⊥ of C is defined as C ⊥ = {x ∈ Z n k | x · y = 0 for all y ∈ C} under the standard inner product x · y. A Type II Z 2k -code was defined in [2] as a self-dual code with the property that all Euclidean weights are divisible by 4k. It is known that a Type II Z k -code of length n exists if and only if n is divisible by eight and k is even [2] . A self-dual code which is not Type II is called Type I.
Two self-dual Z k -codes C and C ′ are equivalent if there exists a monomial (±1, 0)-matrix P with C ′ = C · P = {xP | x ∈ C}. The automorphism group Aut(C) of C is the group of all monomial (±1, 0)-matrices P with C = C · P .
Unimodular lattices
The norm of a vector x is defined as (x, x). The minimum norm min(L) of a unimodular lattice L is the smallest norm among all nonzero vectors of L. The theta series θ L (q) of L is the formal power series θ L (q) = x∈L q (x,x) . The kissing number of L is the second nonzero coefficient of the theta series. A unimodular lattice with even norms is said to be even, and that containing a vector of odd norm is said to be odd. An even unimodular lattice in dimension n exists if and only if n ≡ 0 (mod 8), while an odd unimodular lattice exists for every dimension. Two lattices L and L ′ are neighbors if both lattices contain a sublattice of index 2 in common.
Let L be a unimodular lattice. [11] . Now suppose that L is an odd unimodular lattice. Then there are cosets
Rains and Sloane [36] showed that a unimodular lattice L in dimension n has minimum norm min(L) ≤ 2⌊ n 24 ⌋ + 2 unless n = 23 when min(L) ≤ 3 (see [38] for the case that L is even). A unimodular lattice meeting the bound with equality is called extremal. Gaulter [13] showed that any unimodular lattice in dimension 24k meeting the upper bound has to be even, which was conjectured in [36] . Hence, an odd unimodular lattice L in dimension 24k satisfies min(L) ≤ 2k + 1. We say that an odd unimodular lattice with the largest minimum norm among all odd unimodular lattices in that dimension is optimal.
Construction A and k-frames
We give a method to construct unimodular lattices from self-dual Z k -codes, which is referred to as Construction A (see [2, 21] ). Let ρ be a map from Z k to Z sending 0, 1, . . . , k − 1 to 0, 1, . . . , k − 1, respectively. If C is a self-dual Z k -code of length n, then the lattice
Moreover, C is a Type II Z 2k -code if and only if A 2k (C) is an even unimodular lattice [2] . A set {f 1 , . . . , f n } of n vectors f 1 , . . . , f n of a unimodular lattice L in dimension n with (f i , f j ) = kδ i,j is called a k-frame of L, where δ i,j is the Kronecker delta. It is known that a unimodular lattice L contains a k-frame if and only if there exists a self-dual Z k -code C with A k (C) ∼ = L (see [21] ).
By the following lemma, it is enough to consider a p-frame in an odd unimodular lattice for each prime p. The lemma also gives a reason why we consider unimodular lattices in only dimension n ≡ 0 (mod 4).
. If a lattice L in dimension n ≡ 0 (mod 4) contains a k-frame, then L contains a km-frame for every positive integer m.
⌋ + 3, which is a contradiction to the upper bound on the minimum norms of unimodular lattices. Lemma 2.3. Let C be a self-dual Z k -code of length 48. Then d E (C) ≤ 6k for every positive integer k with k ≥ 2.
Proof. By the bound (1) and Lemma 2.2, it is sufficient to consider the cases for only k = 5, 6. Assume that k = 5, 6 and d E (C) ≥ 7k. Since k < d E (C)/k, min(A k (C)) = k and the kissing number of A k (C) is 96. Note that unimodular lattices L with min(L) = 6 and 5 are extremal even unimodular lattices and optimal odd unimodular lattices, respectively. However, the kissing numbers of such lattices are 52416000 (see [12, Chap. 7] ) and 385024 or 393216 [19] , respectively. This is a contradiction.
Hence, if C is a self-dual Z k -code C of length n ≤ 48 then we have the following bound:
if n = 23 and k ≥ 4 4⌊ We say that a self-dual Z k -code meeting the bound with equality is extremal 1 for length n ≤ 48. We say that a self-dual code C is near-extremal if d E (C)+k meets the bound.
The following lemma shows that an extremal self-dual Z k -code of lengths 24 and 48 must be Type II for every even positive integer k.
for every positive integer k with k ≥ 2.
(b) Let C be a Type I Z k -code of length 48. Then d E (C) ≤ 5k for every positive integer k with k ≥ 2.
Proof. We give the proof of (b). By the bound (1), it is sufficient to consider only k ≥ 4. Assume that k ≥ 4 and d E (C) = 6k. If k ≥ 6 then A k (C) has minimum norm 6. Hence, A k (C) must be even, that is, C is Type II, which is a contradiction. Suppose that k = 5. Then A 5 (C) is an optimal odd unimodular lattice with kissing number 96, which contradicts that the kissing number is 385024 or 393216 [19] . Finally, suppose that k = 4. Since d E (C) = 24, A 4 (C) satisfies the condition that min(A 4 (C)) = 4, the kissing number is 96 and there is no vector of norm 5. By [11, (2) and (3)], one can determine the possible theta series of A 4 (C) and its shadow S as follows:
respectively, where α is an integer. From the coefficients of θ S (q), it follows that α = 1. Hence, since S contains the zero-vector, A 4 (C) must be even, that is, C is Type II. The proof of (a) is similar to that of (b), and it can be completed more easily. So the proof is omitted.
The odd Leech lattice contains a k-frame for every positive integer k with k ≥ 3 [29] . The binary odd Golay code is a near-extremal Type I code of length 24. Hence, there is a near-extremal Type I Z k -code of length 24 for every positive integer k with k ≥ 2.
Negacirculant matrices
An n × n matrix M is negacirculant if M has the following form:
Most of matrices constructed in this paper are based on negacirculant matrices. In Section 5, in order to construct self-dual Z k -codes of length 4n, we consider a generator matrix of the following form:
where A and B are n × n negacirculant matrices, A T denotes the transpose of the matrix A and I k denotes the identity matrix of order k. It is easy to see that the code is self-dual if AA T + BB T = −I n . In Section 4, in order to find k-frames in some lattices, we need to construct matrices M satisfying the condition (11) in Proposition 4.1. Suppose that p is a prime and p ≡ 3 (mod 4). Let Q p = (q ij ) be a p by p matrix where q ij = 0 if i = j, −1 if j − i is a nonzero square (mod p), and 1 otherwise. We consider the following matrix:
Then it is well known that P p+1 P T p+1 = pI p+1 and P T p+1 = −P p+1 , and P p+1 +I p+1 is a Hadamard matrix, which is equivalent to the Paley Hadamard matrix of order p + 1. Hence, these matrices satisfy (11) . In Section 4, we construct more matrices M satisfying (11) using the following form:
where A and B are n × n negacirculant matrices.
Positivity of coefficients of the theta series
It is important to study the positivity and non-negativity of coefficients of the theta series of extremal unimodular lattices. For example, let
be the theta series of an even unimodular lattice in dimension n. Then it was shown in [38] that the coefficient A 2⌊
⌋+2 is always positive when [25] ). This gives the upper bound of the minimum norm of even unimodular lattices as in Section 2.2.
To discuss the positivity of coefficients of the theta series of extremal (optimal) unimodular lattices listed in Table 8 , the following lemma is used.
Lemma 2.5. Let L be a unimodular lattice in dimension n with theta series
Remark 2.6. As described in Section 1, the odd Leech lattice contains a kframe for every positive integer k with k ≥ 3 [29] . By the above lemma, A m ≥ 48 for every positive integer m with m ≥ 3.
Remark 2.7. At dimensions n = 20, 28, 32, there are other unimodular lattices with the same theta series as one of the unimodular lattices listed in Table 8 . Of course, it also holds that A m ≥ 2n for every positive integer m ≥ 2, 3, 4 if n = 20, 28, 32, respectively, for the other lattices.
Number theoretical results
Let k, ℓ and m be positive integers with k ≥ 2 and ℓ ≤ k − 1. Consider the following lattice in dimension 4:
where we consider the inner product x, y induced by (a
is a modular form (of weight 2) for Γ 0 (4m), where q = e 2πiz , z is in the upper half plane and
Proof. The lattice L ℓ,m,k is spanned by (k, 0, 0, 0), (0, 0, k, 0), (1, 0, ℓ + 1, 1) and (0, 1, ℓ 2 + 1, ℓ) with Gram matrix:
Since
In order to give infinite families of k-frames by Proposition 4.1, we derive the following theorem. Its proof is similar to that in [7, 20, 29] , but this is more complicated. Our notation and terminology for modular forms follow from [30] (see [30] for undefined terms). (a 2 + 39b 2 + c 2 + 39d 2 ) for each prime p = 2, 3, 7, 17.
Proof. We only give details for Case (a), to save space. The ideas of the proofs of the other cases are similar to that of Case (a), which is the most complicated case, where main different parts are mentioned in Tables 1-6 . Consider the lattice L 1,25,3 given in (4). We have verified by Magma that it has the following theta series:
is a modular form for Γ 0 (100), where q = e 2πiz , z is in the upper half plane (see Table 1 for the other cases).
We denote by S 2 (Γ 0 (N)) the space of cusp forms of weight 2 for Γ 0 (N). It is known that dim(S 2 (Γ 0 (100))) is seven (see Table 1 for the other cases), and using Magma we have found some basis
for i = 1, 2, 3, 4, 5, f 7 (z) = q 7 + · · · , and f 9 (z) = q 9 + · · · . In particular, we use f i (z) (i = 1, 3, 5, 7, 9), which are explicitly written as:
(see Table 2 for the other cases). For i = 1, 3, 5, 7, 9, we denote by c f i (n) the coefficient of f i (z) as follows:
is a modular form for Γ 0 (4), where σ 1 (n) = m|n m (see [23, p. 145, Problem 10]). We define a new modular form h 100 (z) for Γ 0 (100) as follows (see Table 3 for the other cases):
Note that all the degrees of η(4nz)
Let 
are modular forms with character χ 2 for Γ 0 (400) [23, p. 127, Proposition 17] . Using Theorem 7 in [31] and the fact that the genus of Γ 0 (400) is 43 (see Table  1 for the other cases), the verification by Magma that
Hence, for each odd prime p with p = 5, we have
(see Table 4 for the other cases and the following paragraph is unnecessary for the other cases). 
Now take the unique normalized cusp form f 
Setĥ i (z) (i = 1, 3, 5, 7, 9) as follows (see Table 5 for the other cases):
For i = 1, 3, 7, 9, we denote by cĥ i (n) the coefficient ofĥ i (z) as follows:
Let T (n) be the Hecke operator considered on the space of modular forms for Γ 0 (100) (see [23, 
By (9), we have 
Hence, we have
For each odd prime p with p = 5, |c
Using (8) ( (7) for the other cases), a(p) is bounded below by
(see Table 6 for the other cases). Hence, (10) is positive for p > 139, namely, a(p) > 0 for p > 139 (see Table 6 for the other cases). We have verified by Magma that a(p) > 0 for each prime p with p ≤ 139 and p = 2, 5, 7, 13, 23. This completes the proof of Case (a).
Construction of m-frames in some unimodular lattices
In this section, we provide a method for constructing m-frames in unimodular lattices, which are constructed from some self-dual Z k -codes by Construction A. Combined Theorem 3.2 with the method, we construct m-frames in some extremal (optimal) odd unimodular lattices. The following method is a generalization of Propositions 3.3 and 3.6 in [20] . Also, the cases (k, m, ℓ) = (4, 11, 2) and (4, 11, 0) of the following method can be found in [7] and [29] , respectively. Proposition 4.1. Let k be a positive integer with k ≥ 2, and let ℓ be a nonnegative integer with ℓ ≤ k − 1. Let M be an n × n matrix over Z satisfying
where m + ℓ 2 ≡ −1 (mod k). Let C 2n,k (M) be the self-dual Z k -code of length 2n with generator matrix I n M + ℓI n , where the entries of the matrix are regarded as elements of Z k . Let a, b, c and d be integers with b ≡ c − ℓd (mod k) and d ≡ a + ℓb (mod k). Then the set of 2n rows of the following matrix
) is a unimodular lattice. Since C 2n,k (M) is self-dual and M T = −M, both G = I n M + ℓI n and H = M − ℓI n I n are generator matrices of C 2n,k (M).
Let s, t be integers. Here, we regard the entries of the matrices G, H as integers. Then
By putting a = s − ℓt, b = t, c = ℓs
we have the form of F (M). Thus, if b ≡ c − ℓd (mod k) and d ≡ a + ℓb (mod k) then all rows of the matrix
2 )I 2n , the result follows.
Remark 4.2. It follows from the assumption that a 2 + mb 2 + c 2 + md 2 ≡ 0 (mod k). The matrices P p+1 (p = 7, 19), which are given in Section 2.5, satisfy the assumptions in Proposition 4.1, for the integers k, m and ℓ listed in Table 7 . Using the form (3), we have found more matrices D n (n = 6, 10, 14, 16, 18, 22, 24), D ′ n (n = 10, 14) and D ′′ 10 satisfying the assumptions in Proposition 4.1, where the integers k, m and ℓ and the first rows r A and r B of negacirculant matrices A and B are also listed in Table 7 .
By Proposition 4.1, for matrices M given in Table 7 , the odd unimodular lattice A k (C 2n,k (M)), which is constructed from the Type I Z k -code Table 8 , which have been determined by Magma, are also listed in the table.
Lemma 4.3. Suppose that L is any of the lattices listed in Table 8 . Then L contains a k-frame for a positive integer k satisfying the conditions (⋆) listed in Table 8 , where m i in (⋆) is a non-negative integer. (a 2 + 25b 2 + c 2 + 25d 2 ) for each prime p = 2, 5, 7, 13, 23. The result follows from Lemma 2.1. For the other lattices, Table 8 lists the cases of Theorem 3.2, which are used in the proof.
Frames of some extremal odd unimodular lattices and extremal Type I Z k -codes
In this section, we establish the existence of a k-frame in some extremal (optimal) unimodular lattices for every positive integer k with k ≥ min(L). These results yield the existence of an extremal Type I Z k -code of lengths n = 12, 16, 20, 32, 36, 40, 44 and a near-extremal Type I Z k -code of length n = 28 for a positive integer k, where k = 1, 3 if n = 32 and k = 1 otherwise.
Frames of D + 12 and Length 12
There is a unique extremal odd unimodular lattice in dimension 12, up to isomorphism (see [12, 
is a unique binary extremal Type I code of length 12, up to equivalence [33] , where the code is denoted by B 12 in [33, 
Frames of D 2 8 and Length 16
There is a unique extremal odd unimodular lattice in dimension 16, up to isomorphism (see [12, Table 8 are isomorphic to the ith lattices (i = 11, 12, 1) in dimension 20 in [12, Table 16 .7], where we denote the lattices by D There are 7 binary extremal Type I code of length 20, up to equivalence [33] . The unique code with 5 (resp. 45) codewords of weight 4 is denoted by M 20 (resp. J 20 ) in [33, Table 2 ]. We have verified by Magma that
. It is known that there is no binary Type I code C such that A 2 (C) is isomorphic to A (2), where the first rows r A and r B of A and B are listed in Table 9 . Since AA T + BB T = −I 5 , these codes are Type I. Let C ′ 4,20 be the Z 4 -code with generator matrix of the following form:
where we only list in Figure 1 We have verified by 
Length 28
The largest minimum norm among odd unimodular lattices in dimension 28 is 3. There are 38 non-isomorphic optimal odd unimodular lattices in dimension 28 [1] . In [1] , the 38 lattices are denoted by R 28,1 (∅), R 28,2 (∅), . . . , R 28,36 (∅), R 28,37e (∅), R 28,38e (∅). We have verified by Magma that A 3 (C 28,3 (D 14 )) and Table 8 are isomorphic to R 28,32 (∅) and R 28,15 (∅), respectively. By Lemma 4.3, we investigate the existence of a k-frame in R 28,32 (∅) for k = 4, 5, 7, 13, 23 and a k-frame in R 28,15 (∅) for k = 3, 4, 17. (2), where the first rows r A and r B of A and B are listed in Table 10 . Since AA T + BB T = −I 7 , these codes are Type I. Let C 4,28 and C ′ 4,28 be the Z 4 -codes with generator matrices of the following form:
where we list in Figure 2 [21] for the classification of 3-frames in the 38 lattices). Hence, combined with Lemma 4.3, we have the following: Lemma 5.12. Let C be a Type I Z k -code of length 28. Then d E (C) ≤ 3k for every positive integer k with k ≥ 2.
Proof. As described above, the largest minimum norm among odd unimodular lattices in dimension 28 is 3. Assume that k ≥ 4 and d E (C) = 4k. Since min(A k (C)) = min{k, d E (C)/k}, min(A k (C)) = 4, which is a contradiction. For k = 2, 3, it follows that d E (C) ≤ 3k (see [9, 26] ).
By the above lemma, there is no extremal Type I Z k -code of length 28 for every positive integer k with k ≥ 2. There is a binary Type I code of length 28 and minimum weight 6 (see [9] ). Hence, we have the following: Corollary 5.13. There is no extremal Type I Z k -code of length 28 for every positive integer k with k ≥ 2. There is a near-extremal Type I Z k -code of length 28 for every positive integer k with k ≥ 2.
Since R 28,i (∅) (i = 1, 2, . . . , 36) have the identical theta series, by Lemma 2.5, we have the following:
m denote the theta series of R 28,i (∅) (i = 1, 2, . . . , 36). Then A k ≥ 56 for every positive integer k with k ≥ 3. 
Length 32
There are 5 non-isomorphic extremal odd unimodular lattices in dimension 32, and these 5 lattices are related to the 5 inequivalent binary extremal Type II codes of length 32 [11] , where the 5 codes are denoted by C81, C82, . . . , C85 in [9, Table 8 is isomorphic to L 32,82 . Since A 4 (C 32,4 (D 16 )) contains a 4-frame, we investigate the existence of a k-frame in L 32,82 for k = 6, 9 by Lemma 4.3. For k = 6, 9, let C k,32 be the Z k -code with generator matrix of the form (2) , where the first rows r A and r B of A and B are listed in Table 11 . Since There are three inequivalent binary extremal Type I codes of length 32 [10] . Any ternary self-dual code of length 32 has minimum weight at most 9 [27] . Hence, we have the following: Corollary 5.16. There is an extremal Type I Z k -code of length 32 for every positive integer k with k = 1, 3.
Since the 5 non-isomorphic extremal odd unimodular lattices have the identical theta series [11] , by Lemma 2.5, we have the following: For each extremal odd unimodular lattice in dimension 32, one of the even unimodular neighbors is extremal [11] . Moreover, it follows from the construction in [11] [20] ). There is an extremal Type II Z 2k -code of length 32 for every positive integer k.
Length 36
Since A 6 (C 36,6 (D 18 )) contains a 6-frame, we investigate the existence of a k-frame in A 6 (C 36,6 (D 18 )) for k = 4, 5, 7, 9 by Lemma 4.3. For k = 5, 7, 9, let C k,36 be the Z k -code with generator matrix of the form (2) , where the first rows r A and r B of A and B are listed in Table 12 . Since AA T + BB T = −I 9 , these codes are Type I. Let C 4,36 be the Z 4 -code with generator matrix of the following form:
where we only list in Figure 3 There are 41 inequivalent binary extremal Type I codes of length 36 [28] . There is a ternary extremal Type I code of length 36 [32] . Hence, we have the following: 
Length 40
Since A 4 (C 40,4 (P 20 )) contains a 4-frame, we investigate the existence of a kframe in extremal odd unimodular lattices in dimension 40 for k = 6, 9, 13, 19 by Lemma 4.3. For k = 9, 13, 19, let C k,40 be the Z k -code with generator matrix of the form (2) , where the first rows r A and r B of A and B are listed in Table 13 . Since AA T + BB T = −I 10 , these codes are Type I. Moreover, we have verified by Magma that A k (C k,40 ) is extremal (k = 9, 13, 19). An extremal Type I Z 6 -code of length 40 can be found in [15] . Hence, combined with Lemma 4.3, we have the following: Lemma 5.24. There is an extremal odd unimodular lattice in dimension 40 containing a k-frame if and only if k is a positive integer k with k ≥ 4.
Remark 5.25. The possible theta series of an extremal odd unimodular lattice in dimension 40 is given in [5] : θ 40,α (q) = 1 + (19120 + 256α)q 4 + (1376256 − 4096α)q 5 +· · · , where α is even with 0 ≤ α ≤ 80. We have verified by Magma that A 4 (C 40,4 (P 20 )) has theta series θ 40,80 (q) and automorphism group of order 7172259840, and A k (C k,40 ) (k = 9, 13, 19) have theta series θ 40,0 (q) and automorphism group of order 40. Also, we have verified by Magma that three lattices A k (C k,40 ) (k = 9, 13, 19) are non-isomorphic.
For k = 2, 3, there is an extremal Type I Z k -code of length 40. Hence, we have the following: Theorem 5.26. There is an extremal Type I Z k -code of length 40 for every positive integer k with k ≥ 2. We have verified by Magma that at least one of the even unimodular neighbors of L is extremal for L = A 4 (C 40,4 (P 20 )), A 9 (C 9,40 ), A 13 (C 13,40 ) and A 19 (C 19, 40 ). There are binary extremal Type II codes of length 40 (see [3] for their classification). Then we have an alternative proof of the following: Proposition 5.27 (Harada and Miezaki [20] ). There is an extremal Type II Z 2k -code of length 40 for every positive integer k.
Length 44
By Lemma 4.3, we investigate the existence of a k-frame in extremal odd unimodular lattices in dimension 44 for k = 4, 6, 9, 17. For k = 9, 17, let C k,44 be the Z k -code with generator matrix of the form (2) , where the first rows r A and r B of A and B are listed in Table 14 . Since AA T + BB T = −I 11 , these codes are Type I. Moreover, we have verified by Magma that A k (C k,44 ) is extremal (k = 9, 17). For k = 4, 6, an extremal Type I Z k -code of length 44 can be found in [18, For k = 2, 3, there is an extremal Type I Z k -code of length 44. Hence, we have the following: Theorem 5.30. There is an extremal Type I Z k -code of length 44 for every positive integer k with k ≥ 2.
Remarks
We end this paper with some remarks about the existence of a k-frame in optimal odd unimodular lattices in dimension 48.
By Lemma 4.3, we investigate the existence of a k-frame in optimal odd unimodular lattices in dimension 48 for k = 6, 7, 8, 9, 17. It was shown in [19] that an extremal even unimodular lattice in dimension 48 has an optimal odd unimodular neighbor. Using this result, we have the following: Lemma 6.1. There is an optimal odd unimodular lattice in dimension 48 containing an 8k-frame for every positive integer k.
Proof. Let Λ be an extremal even unimodular lattice in dimension 48. Let x be a vector of Λ with (x, x) = 8. Put Λ + x = {v ∈ Λ | (x, v) ≡ 0 (mod 2)}. Since there is a vector y of Λ such that (x, y) is odd, the following lattice
is an optimal odd unimodular neighbor of Λ [19] . Some extremal even unimodular lattice in dimension 48 containing an 8-frame can be found in [8, Corollary 1] . We take this lattice as Λ in the above construction. Let {f 1 , . . . , f 48 } be an 8-frame in Λ. Then Λ f 1 is an optimal odd unimodular neighbor containing {f 1 , . . . , f 48 }. The result follows from Lemma 2.1. Some near-extremal Type I Z 6 -code C 6,48 of length 48 can be found in [19] . For k = 7, 9, let C k,48 be the Z k -code with generator matrix of the form (2) , where the first rows r A and r B of A and B are listed in Table 15 . Since AA T + BB T = −I 12 , these codes are Type I. Moreover, we have verified by Magma that A k (C k,48 ) is optimal (k = 7, 9). Hence, we have the following: Remark 6.3. A 6 (C 6,48 ) has kissing number 393216 [19, p. 553 ]. In addition, we have verified by Magma that A 5 (C 48,5 (D 24 )), A 7 (C 7,48 ) and A 9 (C 9,48 ) have kissing number 393216.
There are at least 264 inequivalent binary near-extremal Type I code of length 48 [6] . There are at least two inequivalent ternary near-extremal Type I code of length 48 [32] . It is not known whether there is a near-extremal Type I Z 4 -code of length 48 (see [18] ). 
